The fluid and solid equations of state for hard parallel squares and cubes are reinvestigated here over a wide range of densities. We use a novel single-speed version of molecular dynamics. 
I. INTRODUCTION
Hard parallel squares and cubes have undergone extensive study 1, 2, 3, 4, 5, 6, 7, 8, 9 . Most of the hard-particle work motivating our present efforts is roughly 50 years old: Monte Carlo simulation 6 indicated the absence of a first-order transition for hard parallel squares, while corresponding molecular dynamics simulations suggested its presence 5 . Because computers are now so much faster it is appropriate to reinvestigate this problem as well as the three-dimensional hard-cube analog.
In addition to the equilibrium equation of state, mixtures, transport coefficients, and various correlations have all been previously studied for squares and cubes. The most basic questions for statistical mechanics are the existence and nature of the melting transition for these two simple models. This question has been thoroughly settled for hard spheres, which exhibit a first-order transition between two coexisting phases, fluid and solid 10 .
Despite hundreds of investigations, following the pioneering work of Alder, Jacobsen, Wainwright, and Wood 11, 12 , the evidence is still not complete for disks, squares, and cubes 13, 14 . This uncertainty helped motivate the present work.
The two-dimensional squares model and its three-dimensional analog, the hard parallel cube model, are somewhat more tractable than disks and spheres because the square and cube potential functions are products of one-dimensional functions, φ squares = φ(|x|)φ(|y|) ; φ cubes = φ(|x|)φ(|y|)φ(|z|) ; φ(0 < x < 1) = ∞ ; φ(x > 1) = 0 .
The analytical simplicity due to these factorizations is a major motivation for the study of these systems, with an understanding of the melting transition a key goal. A good deal of the prior work lies twenty years or more in the past, so that today's enhanced computer speeds can lead to more precise conclusions than could the earlier work.
Throughout this work we set the mass and distance scales by imagining hard particles of unit mass and sidelength. The particles cannot rotate, acting as if their moments of inertia were infinite. The particles remain forever parallel, with their edges lined up with the x, y, and z axes. See Figure 1 for a sample two-dimensional fluid configuration.
The parallel square and cube models simplify the evaluation of the phase integrals derived from Gibbs' statistical mechanics. Both squares and cubes have fluid and solid phases, though until now the number-dependence of the dynamics and the thermody- namics has concealed the exact nature of the fluid-solid transitions. Gibbs' statistical mechanics shows that the pressure can be calculated from the "configurational integral"
Q N (V, T ) 15, 16 : Q N is the integral over all distinct arrangements of N particles within a box of volume V at the temperature T . Φ is the potential energy, either infinity or zero for the square and cube models. In the present work we set the energy scale by choosing Boltzmann's constant and the temperature equal to unity, kT = 1.
The Mayers carried out an exact low-density series expansion of the pressure 15 , the "virial expansion". For squares and cubes the series' coefficients, the virial coefficients, have been evaluated, analytically, through the seventh term 1, 2, 3 . A convenient extrapolation method for the series is provided by ratios of polynomials, "Padé approximants" 17, 18 , of the type given in the Appendix.
At high density, where neither the density series nor its extrapolation are useful, a "free-volume" approach, exact near close packing 19, 20 , can be used. For D-dimensional hard cubes of unit sidelength in a rigid box of sidelength L = V 1/D , the configurational integral is DN-dimensional, but easy to approximate using ideas borrowed from Tonks' one-dimensional work 21 and the Eyring-Hirschfelder cell model 22 . If for D = 3 we assume that the cubes are ordered in N 2/3 columns parallel to the z axis and allowed to move independently in the x and y directions, as in the self-consistent cell model of Figure 2 , the configurational integral over the x and y coordinates gives:
Because the arbitrary ordering of the particles can be chosen in N! distinct way, this ordering degeneracy exactly compensates for the factor of 1/N! in the definition of Q.
The remaining integrals in the z direction give Tonks' result for the one-dimensional hard-rod configurational integral:
resulting in the lower bound:
For D-dimensional hard cubes the ordinary Eyring-Hirschfelder cell model exceeds this estimate by a factor of (2 D /e) N . See the central illustration in Figure 2 for a sketch of this cell model.
The free-volume equation of state results from either approach, the lower bound or the cell model,
Our single-speed molecular dynamics results -see Sections IV and V -suggest that this approximation is exact within terms of order unity, for hard parallel squares or cubes near close packing. For instance, a 128 000-collision simulation with 1000 hard parallel cubes at a density of 0.95 gave P V /NkT = 58.99 ± 0.02, equal to the free-volume compressibility factor, which is also 58.99 at this density. Our single-speed molecular dynamic results agree perfectly well with earlier results based on the Maxwell-Boltzmann
This report is organized as follows. In Section II the Mayers' virial series is reviewed for squares and cubes. Section III describes the Eyring-Hirschfelder cell model approach to The more nearly accurate Eyring-Hirschfelder cell model shown in the center, has all the neighboring particles fixed while the central particle wanders over a much larger "free volume", four times bigger (for squares) than in the self-consistent case for ρ > 0.25. The single-occupancy system, shown at the right, confines (the center of) each particle to a square of area V /N . Unlike the cell models, which reduce to simple one-body problems, the single-occupancy model is as complex to treat analytically as is the full unconstrained many-body problem.
their thermodynamic properties. The cell model is specially useful for squares and cubes.
We include here the details of Kirkwood's many-body single-occupancy model, a nearly exact description of the solid phase. Section IV describes the kinetic theory used to analyze the molecular dynamics simulations. The simulations and their results are described in the following Section V. Section VI is devoted to the nature of the phase transition(s) for squares and cubes, with Section VII a summary of our results and conclusions, including an attempt to reconcile our findings with the work of Jagla 13 , Groh, and Mulder 14 .
II. LOW DENSITY AND THE MAYERS' VIRIAL SERIES
There are plenty of theoretical approaches -series expansions, cell models, integral 
To simplify the integrals' evaluation Ree and Hoover introduced the identity
for all pairs of particles not linked by f functions in the integrands, leading to a reduced number of integrals and to substantially better numerical accuracy in Monte Carlo calculations of the higher B n . The number of integral types contributing to B 7 was reduced in this way from 468 to 171 17, 18 .
If, as is the case for hard disks, there were a melting transition for squares at about four-fifths the close-packed density, ρ ≃ 0.80, then the last of these known terms in the series, would make a contribution of about five percent to the total melting pressure. integral types need to be evaluated.
III. HIGH DENSITY: THE EYRING-HIRSCHFELDER AND SINGLE OCCU-PANCY MODELS
At higher density, near close packing, "cell models" are useful approximations. These models are based on the notion that particles sweep out a "free volume" bounded by their neighbors. Certain aspects of this idea are exactly correct 19, 20 . This is the consequence of two facts: first, configurational properties are mass-independent in classical statistical mechanics; second, the dynamical evolution of a very light particle, moving rapidly in the presence of nearly stationary neighbors, does sweep out a free volume as time goes on. It should in fact be possible to derive the Mayers' virial series by considering this point of view in detail.
A much more complicated, but still cell-like, "single-occupancy" model can be constructed. This single-occupancy model gives a near-exact (within terms of order unity in P V /NkT ) description of the solid phase. In the single-occupancy model each particle is constrained to one of N nonoverlapping cells. Because vacancies and dislocations, as well as excursions outside such cells, are unimportant to the thermodynamics of the solid phase, the single-occupancy configurational integral,
gives nearly the same solid-phase pressure-volume equation of state as does the exact configurational integral Q N . Notice that the 1/N! appearing in Q N is absent in Q SO . This is because each particle is restricted to occupy a particular cell. By including collisions with cell walls it is easy to modify a molecular dynamics simulation to compute singleoccupancy properties, as we detail in Section V.
Besides exact free-volume measurements 20 , there are several approximate methods for estimating the free volume. In the self-consistent cell model, all particles are distributed so near their lattice sites that no overlaps can occur. In the alternative inconsistent, but more nearly accurate, Eyring-Hirschfelder cell model, the motion of a single particle is considered, with all its neighbors held fixed at their lattice sites. In either case the approximate partition function includes the Nth power of the cell-model free volume:
As is usual h is Planck's constant and λ is de Broglie's wavelength. Both of the cell models and the single-occupancy model are illustrated for hard parallel squares in Figure   2 .
At high density, these forms of the cell model, plus various approximate bounds on the hard square partition function all suggest that the "free volume" equation of state:
is asymptotically correct near the close-packed limit, ρ → 1 The molecular dynamics results suggested a van der Waals loop joining the two phases.
In the present work we measure the equation of state using molecular dynamics with the special single-speed velocity distribution described in the next Section. We also use single-occupancy simulation results to measure the solid-phase entropy directly.
IV. SINGLE-SPEED MOLECULAR DYNAMICS FOR SQUARES AND CUBES
The factorization of the partition function into a kinetic part and a configurational part suggests that any reasonable velocity distribution, with vanishing total momentum and capable of reaching all configurations, can be used for computing configurational properties. In the present work we choose the x and y and z velocity components all equal to ±1, corresponding to unit isotropic temperature:
Parallel hard squares and cubes move and collide as if their moments of inertia were infinite. The particles do not rotate when they collide, but simply exchange x or y or z momenta (in the center of mass system of coordinates) on collision. Thus the velocity distribution is unchanged by particle collisions. In single-occupancy simulations the cell walls change this. Then the center of each square or cube is confined to an individual cell of volume V /N. Collisions at the cell walls simply reflect the x or y or z momentum perpendicular to the confining wall. Whenever a particle is reflected by a cell wall the center-of-mass momentum is shifted, by ±2/N.
In all of our simulations the number of particles, the density, and the temperature are fixed. From the measured all-pairs particle-particle collision rate we determine the pressure. In the single-occupancy case note that the cell walls make no special nonideal contribution to the pressure. The kinetic part of the pressure is still given by (P V /NkT ) K = 1.
We choose to calculate the total pressure directly from the measured all-pairs collision rate Γ, using the exact relation:
The dot product (F · r) ij is the same for every collision:
The time average, which gives the potential contribution to P V , is computed by summing all the C collisional ij pair contributions taking place during the sufficiently long time t:
As a consequence, the "virial-theorem pressure" with single-speed dynamics is identical to the "collision-rate pressure":
The low-density collision rate Γ 0 can be calculated in either of two different ways, both leading to the same result. A relatively complex approach is to calculate separate crosssections and collision probabilities for relative speeds of (± √ 4, ± √ 8, ± √ 12) (for cubes).
The simpler approach multiplies the probability for a collision of cubes i and j in the x direction by 3 and by N(N − 1)/2, the number of pairs of particles, giving:
To confirm these simple relations and to check that the single-speed dynamics gives the same pressure as does Maxwell-Boltzmann dynamics, we measured the collision rate for 1000 cubes at a density of 0.1 for a run with 512 000 collisions. The collision rate per particle (collisions per unit time divided by the total number of particles) was 0.751669, giving a compressibility factor of P V /NkT = 1 + 0.1 × 4 × (0.751669/0.6) = 1.5011 ± 0.0001 , in excellent agreement with van Swol and Woodcock's 1987 calculation 9 , 1.5016 ± 0.004.
We must stress that the simple velocity distribution (±1, ±1, ±1), because the system is configurationally ergodic, gives the same pressure as would a Maxwell-Boltzmann distribution (though with considerably less effort).
Both the low-density and high-density regions are well understood for squares and cubes. Our main interest is in the square and cube analogs of what Wood aptly called "the region of confusion" for hard disks, where the fluid and solid phases come and go, but with a pace so slow that meaningful averages are hard to obtain. We emphasize the region of confusion in the following two Sections, which are devoted to the results of our simulations. Our single-occupancy results, together with thermodynamic integration,
make it possible to determine the relative stabilities of the fluid and solid phases as functions of density.
V. PRESSURE AND ENTROPY FROM SINGLE-SPEED MOLECULAR DY-NAMICS A. Pressure Data
To make contact with earlier work, and to provide data for thermodynamic integration we have considered a wide range of densities for squares and cubes. Tables I and II compare a small sampling of the single-speed molecular dynamics data of the types shown The results we tabulate for squares (in the range 0.40 ≤ ρ ≤ 0.65) in Table I show that some of the higher virial coefficients from the Padé approximant are negative (because adding in the higher contributions reduces the sum below that of the truncated series).
In general, for cubes as well as squares, the truncated series are just as useful as are the Padé approximants. There is a significant difference between the two approaches, truncated and Padé, beginning, for squares, at a density of about 0.70 and, for cubes, at a density of about 0.50. There are also enhanced fluctuations just beyond these densities, so that the pressure data by themselves leave the exact nature of the fluid-solid phase transition somewhat nebulous. Despite this uncertainty, the present data certainly show that the van der Waals loop found in the earlier dynamics work 7 was an artefact of the short computer runs which were possible in the early 1970s.
The results for cubes in Table II , and plotted in Figure 4 with many additional points, do lead to one relatively straightforward conclusion: for cubes there is no suggestion of a first-order phase transition. The jumpy nature of the cube equation of state for systems with less than 1000 particles disappears for longer runs and larger systems. Even a discontinuity in slope (second-order transition) looks doubtful for cubes.
In both two and three dimensions the free-volume equation of state is evidently exact, within terms of order unity, near close packing. At the same time it is hard to predict with great confidence precisely where the transition from fluid to solid is located or what its order might be from pressure data alone.
In an attempt better to locate and characterize the square and cube fluid-solid phase transitions we investigated the single-occupancy entropy approach described in the following subsection. This same approach was successful forty years ago in interpreting hard-disk and hard-sphere simulations 10 .
B. Entropy Calculations and the Solid-Phase Entropy Constant
Two thermodynamic phases with the same pressure, temperature, composition, and
Gibbs' free energy per particle, is no problem. From the virial series, the entropy, relative to that of an ideal gas at the same density and temperature, can be expressed in terms of the virial coefficients,
The fluid-phase entropies for squares and cubes appear in Tables I and II. The analytic virial-series entropy, Padé approximant entropy, and the entropy from integrated molecular dynamics pressures are included there.
To calculate the isothermal solid-phase entropy we can use direct integration of the single-occupancy equation of state:
It is convenient to integrate the compressibility-factor difference,
using the known low-density values as the initial condition at ρ = 0.01:
These limiting cases result if the lowest-order term in a Mayer f -function expansion of the single-occupancy partition function is worked out 25 . Apart from the factor −ρ/V this pair interaction term corresponds to the product of (i) the number of shared nearestneighbor cell walls (2N for squares and 3N for cubes) and (ii) the two-particle integral in the vicinity of such a wall, [2ρ 1/2 /2 for squares and 4ρ 2/3 /2 for cubes]. Such a calculation was detailed for hard disks and spheres in 1967 25 . Because the single-occupancy pressure data are smooth and regular, without large fluctuations, the numerical integrations are relatively easy to perform, for both squares and cubes. With a few dozen points the trapezoidal rule can easily achieve an accuracy of ±0.01Nk.
Straightforward numerical integration of the single-occupancy data, using the thermodynamic relation,
shows that the entropy for hard squares, at densities of 0.82 and above, exceeds that of the Eyring-Hirschfelder cell model by s 0 (squares) = 0.27 3 Nk, in precise agreement with the Rees' calculation 6 as well as the corresponding result for hard disks 17 . The last row of data in Table I The hard-cube entropy constant is somewhat less than that for hard spheres 17 . For cubes, with
integration into the stable solid phase gives the entropy constant as follows:
Similarly, the last line of Table II, The hard-cube configurational integral near close packing exceeds that of the EyringHirschfelder cell theory by a factor of e 0.13 = 1.14. For hard spheres the corresponding factor is e 0.216 = 1.24. In the following Section we consider the usefulness of these entropy estimates in locating phase equilibria for squares and cubes.
VI. ENTROPY AND THE MELTING TRANSITIONS FOR SQUARES AND CUBES
Entropy plays a key role in establishing the nature of the melting transition for squares and cubes. At a fixed density the hard-particle phase having the greater entropy has also the lesser Helmholtz' free energy, A = E − T S, and is the stable phase. Thus the relative stability of the fluid and the solid is determined by their relative entropies.
The difference in entropy between the stable fluid and the less-stable single-occupancy solid was called the "communal entropy" by Kirkwood 23 . The communal entropy, absent in the single-occupancy solid, would be restored if multiple occupancy of all the cells were allowed. Notice that Tonks' exact calculation of the "hard-rod" partition function 21 , mentioned in the Introduction, correctly accounts for multiple occupancy in the simplest one-dimensional case.
The communal entropy difference, fluid minus single-occupancy solid, is equal to Nk in the low density limit. The communal entropy gets smaller as the melting transition is approached, and finally vanishes at the density of the melting solid. In addition to this number-independent effect there is an N-dependent contribution ∆S com = k ln N/N which can be ascribed to fluctuations 26 . As a result, the fluid gains in stability as N increases, so that the melting transition tends to higher pressures and densities with increasing N. that machine will be forthcoming 27 . The corresponding entropy data are shown in Figure   6 . Figure 7 displays the difference between the 1000-cube and 97,336-cube compressibility factors.
The interpretation of the relatively-smooth data for squares is more straightforward.
See Figure 8 . The Rees 6 reached the conclusion that squares have no first-order phase transition and the lack of difference between the "fluid" and "solid" equations of state near ρ = 0.79 is quite consistent with this point of view.
Cubes exhibit much more hysteresis and number dependence than do squares. the pressure gradually rises to a level between the truncated seven-term series and the somewhat higher-pressure Padé approximant. We have included some longer-run data, for both squares and cubes, in Tables III and IV. We also measured an "irregular" (fluid → glassy) isotherm for hard cubes. We placed (N < 11×11×11) particles randomly on a regular array of 12×12×12 = 1728 lattice sites in a volume V = 1728. Thus the initial state was a perfect lattice with many vacancies.
Some of the resulting pressures are shown in Figure 11 , compared there with the 1000-particle isotherm, the seven-term virial series, and the free-voume theory. It is evident that at densities of 0.57 and above the irregular isotherm deviates substantially from that of a "magic-number" system selected to "fit" the periodic boundaries perfectly.
The communal entropy for squares is relatively easy to compute. Even 400 squares are sufficient to give a smooth equation of state with a communal entropy close to zero at a density of 0.80. See Figure 5 . To check this conclusion we have studied the hard- square density region (0.60 ≤ ρ ≤ 0.80) carefully, with systems of 100, 400, 900, and 1600
particles, using simulations of at least one million collisions. Some results are summarized in Table III and D in the solid phase require innovative boundary conditions. Jagla 13 found a first-order melting transition for freely-rotating cubes. He also studied the parallel-cube model using constant-pressure simulations, and described a "continuous" melting transition at a density of 0.48 ± 0.02. Groh and Mulder presented an evenhanded criticism of Jagla's work 14 , based on their own more extensive constant-pressure simulations. Groh and Mulder found a transition density of 0.53 3 ± 0.01. In their view too the melting of hard parallel cubes is probably "continuous". The free-energy uncertainty in their work, 0.2NkT , exceeds ours by an order of magnitude. This difference seems quite large, in that single-occupancy simulations can easily achieve an accuracy an order of magnitude smaller, 0.01NkT . We are in agreement with these two assessments of hard-cube melting as "continuous".
Beyond this exploration of the melting transitions, this work has some interesting pedagogical consequences related to (i) the uncoupling of the configurational and kinetic parts of the partition function and (ii) the lack of coupling between the x and y and z collisional momentum changes. The first of these uncouplings leads to successful but very simple implementations of quasiergodic single-speed dynamics. The second uncoupling makes the hard-parallel-cube gas an ideal mechanical thermometer, quite capable of measuring the independent tensor components of the kinetic temperature 28 . The simple linear trajectories of the present model can also be generalized to continuous potentials by using
Lagrange multipliers to conserve energy along straightline trajectories:
The Lyapunov instability of hard squares and cubes would also make an interesting topic for investigation. Although the collisions are between flat surfaces, without exponential growth in a scattering angle, at the same time it is clear that an offset in the particle coordinates will eventually (in a time roughly proportional to the offset) lead to a missed collision, with a totally different subsequent evolution. To relate these collisional bifurcations to standard Lyapunov analyses is another challenging research goal.
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